Introduction
Portfolio managers may use an array of constraints when employing mean-variance optimization for portfolio construction. These include the "long-only" constraint, turnover constraints, sector constraints, size constraints, and beta constraints, to name a few. However, using constraints may potentially prevent a manager from getting the most out of his return forecasts in portfolio construction.
This paper analyzes the impact of constraints on portfolio return and risk, extending the insights of previous research in this area, including Clark et al (2002) , Grinold and Easton (1998) , and Scherer and Xu (2007) . We show that constraints move a manager's portfolio away from the optimal unconstrained portfolio in two ways. First, they may rein in or increase the risk of the portfolio without impairing its information ratio. Second, they may force the portfolio to take unwanted bets that incur risk but yield no return.
As a result, a constrained portfolio consists of positions that are aligned with the manager's alphas and positions that are orthogonal to the alphas but are adopted to satisfy the constraints. We illustrate how to measure the risk and return arising from each of these sources and how to drill down to examine the contributions of individual constraints.
The Basic Framework
The basic framework follows Grinold and Easton (1998) . In the presence of constraints, the standard active optimization problem is:
where h represents the vector of active portfolio holdings, α is a vector of the manager's forecast returns, Σ is the asset covariance matrix and λ is the aversion to risk. The matrix A and vector b represent the asset bounds as well as any other linear constraints
If there were no constraints, the solution to the optimization problem would be:
This portfolio achieves the maximum ex-ante information ratio, U IR , for the given alphas. In the
where π is the vector of dual or shadow prices of the constraints. Each shadow price, k π , represents the change in utility per unit increase in the constraint bound, k b .
Substituting in Equation (2), we get:
Equation (4) shows that the optimal constrained portfolio C h is the difference between two portfolios: the unconstrained portfolio U h that reflects the manager's information, and the
. This is depicted in Figure 1 .
Figure 1: Decomposing the Constrained Portfolio
The constraint portfolio X h can be rewritten as a weighted sum of the k individual constraint portfolios:
. The k th constraint portfolio is:
In equation (5),
is the portfolio with the smallest risk per unit exposure to the constraint k .
Only binding constraints contribute to the constraint portfolio. If a constraint is not binding, the shadow price of the constraint is zero and the corresponding constraint portfolio makes no contribution to X h .
h , and a part that is orthogonal to it, , .
, as shown in Figure 2 . We now have:
To get the constrained solution we first subtract
h from the unconstrained optimal portfolio.
h is aligned with U h , the result is a portfolio with a different risk and return but with the same information ratio (IR) as the unconstrained optimal portfolio. We then must add 
2 By orthogonal, we mean uncorrelated: , , , , ,
where
This detailed decomposition allows us to isolate the contribution of each individual constraint to the distortionary effect of the set of constraints.
Attributing Risk and Return
We can see how much ex-ante risk and return of an optimal portfolio comes from the manager's information and how much comes from the constraints by using the basic Litterman (1996) decomposition. Active risk is decomposed as follows:
The overall constraint risk is the sum of the risks arising from each individual constraint k :
Turning to return, we see that all of the expected alpha comes from the manager's information: 
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An Illustration
We illustrate the decomposition framework with an example. We start with an active portfolio optimized as of March 2008 using the Barra Short-Term US Equity Model (USE3S). The MSCI US Prime Market 750 Index is used as the universe and benchmark. We use the following constraints:
• All stock weights must sum to 1 ("Budget Constraint")
• Each stock's weight must lie between 0 and 1 ("Long-Only Constraint")
• The active portfolio should have no exposure to the Barra Earnings Variability factor.
The optimized constrained portfolio C h has an active return of 1.62% and annualized risk of 3.69%. In contrast, the optimal unconstrained portfolio U h , has an active return of 4.99% and annualized risk of 7.45%.
The decomposition in Table 1 isolates the two components of the constrained portfolio: I h ,which is in line with the manager's information, and O X h , , which is not. Recall that the constrained portfolio C h can be written as a sum of the two components:
We see that more of the active risk is coming from constraints than from the manager's information! The table further shows the contributions of individual constraints to risk and return. Not surprisingly, the Long-Only constraint has the largest impact with respect to non-compensated risk. The Earnings Variability constraint has the next largest impact followed by the Budget constraint.
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Let's consider another example where the portfolio has the same level of active risk as our previous example, but we allow the optimizer to take up to a 0.3% short position in each asset. Table 2 gives the results. 
Conclusion
Portfolio constraints may prevent an asset manager from getting the most out of return forecasts in portfolio construction. We show that the use of constraints in optimization has two effects: one is to rein in (or increase) the risk of the portfolio without diminishing its IR, and the other is to force the portfolio to take additional bets that incur risk but garner no return. As a result, the active risk of the constrained portfolio comes from both positions that are aligned with the manager's information and positions that are orthogonal to the information but are taken to satisfy the constraints. We describe how to measure the risk and return coming from each of these sources. Although our focus has been on ex-ante risk and return, the analysis extends to ex-post return as well. 8 of 9 Please refer to the disclaimer at the end of this document. 
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